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Advantages of chemical computing

 High storage density

 High energy efficient

 High parallelism

 Recyclable
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Mass-action Kinetics
Assumption: number of effective reactant collisions Z proportional
to reactant concentrations (Guldberg 1867)

A� B
k̂
ÝÑ C . . .ZC � rAs and ZC � rBs

ñ ZC � rAs � rBs

Production rate generating C:

VprodprC sq � k̂ � rAs � rBs

Consumption rate of C

VconsprC sq � 0

dC

d t
� VprodprC sq � VconsprC sq � k̂ � rAs � rBs
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Mass-action Kinetics: General ODE Model

Considering scheme of r reaction and p involved species

a1,1S1 � a2,1S2 � . . .� ap,1Sp
k1ÝÑb1,1S1 �b2,1S2 . . . �bp,1Sp

a1,2S1 � a2,2S2 � . . .� ap,2Sp
k2ÝÑb1,2S1 �b2,2S2 . . . �bp,2Sp

...

a1,rS1 � a2,rS2 � . . .� ap,rSp
krÝÑb1,rS1 �b2,rS2 . . . �bp,rSp

Results in system of ordinary differential equations (ODEs):

9rSi s �
drSi s

d t
�

ŗ

h�1

�
kh � pbi ,h � ai ,hq �

p¹
j�1

rSj s
aj,h

�
with i � 1, . . . , p
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Chemical Calculations: Addition

9rX1s �0

9rX2s �0

9rY s �k1rX1s � k2rX2s � k3rY s

X1

X2

Y H
k3

k1

k2

asymptotic solution in a stationary state with k1 � k2 � k3

rY sp8q � lim
tÑ8

p1 � e�k1tq � prX1sptq � rX2sptqq � rX1sp0q � rX2sp0q

ñ rY s �rX1s � rX2s
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Chemical Calculations: Non-negative Subtraction

9rX1s � 9rX2s � 0

9rY s � �k2rY srZ s � k1rY s � k1rX1s

9rZ s � k1rX2s � k2rY srZ s

X2

X1

Z

Y

H

H

k2

k1

k1

k1

asymptotic solution in a stationary state with k1 � k2

rY sp8q �

#
rX1sp0q � rX2sp0q if rX1sp0q ¡ rX2sp0q

0 else

ñ rY s �rX1s 9�rX2s

Chemical Analog Computing with Negative Numbers Hendrik Happe 7/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Chemical Calculations: Non-negative Subtraction

9rX1s � 9rX2s � 0

9rY s � �k2rY srZ s � k1rY s � k1rX1s

9rZ s � k1rX2s � k2rY srZ s

X2

X1

Z

Y

H

H

k2

k1

k1

k1

asymptotic solution in a stationary state with k1 � k2

rY sp8q �

#
rX1sp0q � rX2sp0q if rX1sp0q ¡ rX2sp0q

0 else

ñ rY s �rX1s 9�rX2s

Chemical Analog Computing with Negative Numbers Hendrik Happe 7/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Chemical Calculations: Non-negative Subtraction

9rX1s � 9rX2s � 0

9rY s � �k2rY srZ s � k1rY s � k1rX1s

9rZ s � k1rX2s � k2rY srZ s

X2

X1

Z

Y

H

H

k2

k1

k1

k1

asymptotic solution in a stationary state with k1 � k2

rY sp8q �

#
rX1sp0q � rX2sp0q if rX1sp0q ¡ rX2sp0q

0 else

ñ rY s �rX1s 9�rX2s

Chemical Analog Computing with Negative Numbers Hendrik Happe 7/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Chemical Calculations: Non-negative Subtraction

9rX1s � 9rX2s � 0

9rY s � �k2rY srZ s � k1rY s � k1rX1s

9rZ s � k1rX2s � k2rY srZ s

X2

X1

Z

Y

H

H

k2

k1

k1

k1

asymptotic solution in a stationary state with k1 � k2

rY sp8q �

#
rX1sp0q � rX2sp0q if rX1sp0q ¡ rX2sp0q

0 else

ñ rY s �rX1s 9�rX2s

Chemical Analog Computing with Negative Numbers Hendrik Happe 7/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Chemical Calculations: Multiplication

9rX1s �0

9rX2s �0
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Chemical Calculations: Division

9rX1s �0

9rX2s �0

9rY s �k2rX2s � k1rX1srY s

X2

X1

Y

H
k1

k2

asymptotic solution in a stationary state with k1 � k2

rY sp8q �

$&
%

lim
tÑ8

�
p1 � e�k1tq � rX1sptq

rX2sptq

	
if rX2sptq ¡ 0

lim
tÑ8

p
³
k2rX2sptq d tq else

rY s �rX1s{rX2s ifrX2s ¡ 0
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Chemical Calculations: IF-ELSE

 rT s, rF s P tp1, 0q, p0, 1qu

 i.e. if rT s � 1 : rC s � rAs � rBs, else : rC s � rAs

if rT s then
rC s � rAs � rBs

else
rC s � rAs

end

rC s � rAs � rBs � rT s � rF s � rAs
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Copasi: Software for Chemical Reaction’s Simulation

 Copasi: Complex Pathway Simulator

 Freely available at www.copasi.org

 Very stable and reliable tool, convenient user interface

 Particle numbers (multiset of molecular counts) as output
Chemical Analog Computing with Negative Numbers Hendrik Happe 11/ 30
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Estimation of Time Course using Copasi

 Numerical ODE solver based on adaptive Runge-Kutta method

 Variable time discretisation stepsize according to volatility

 High internal numerical precision

 Output rounded to obtain integer numbers for molecular counts
Chemical Analog Computing with Negative Numbers Hendrik Happe 12/ 30
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Problem With This Model

 Representation of negative numbers

 What happens if you want to calculate 2 � 3?
 I developed two possible representation forms

 Signed Number Representation
 Bi-Concentration Representation
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Signed Number Representation

Idea

 Use two substances (P/N) for the sign

 rPs �

#
1 if rX1s ¡ rX2s

0 else

 rNs �

#
1 if rX2s ¡ rX1s

0 else

 Use another substance (Y ) for the number

 rY s �

$'&
'%
rX1s � rX2s if rX1s ¡ rX2s

rX2s � rX1s if rX2s ¡ rX1s

0 else

ñ �s : pR�q2 Ñ R� � tp1, 0q, p0, 1qu

Chemical Analog Computing with Negative Numbers Hendrik Happe 14/ 30
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Signed Number Representation: Reactive Network

�s :

X1

A

P

N

X2

rAsp0q � 1
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Signed Number Representation: Reactive Network
�s :

X1

A

P

N

X2

Y

V

Z H

H

H

rAsp0q � 1
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Signed Number Representation: Example

rX1s � 5 rX2s � 3
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Signed Number Representation: Addition
Input : X1 � prX1s, rX1Ps, rX1Nsq,

X2 � prX2s, rX2Ps, rX2Nsq
Output: Y � prY s, rYPs, rYNsq � X1 � X2

if rX1Ps AND rX2Ps then
rY s � rX1s � rX2s, rYPs � 1, rYNs � 0

end
if rX1Ns AND rX2Ns then

rY s � rX1s � rX2s, rYPs � 0, rYNs � 1
end
if rX1Ps AND rX2Ns then

rY s, rYPs, rYNs � rX1s �s rX2s
end
if rX1Ns AND rX2Ps then

rY s, rYNs, rYPs � rX2s �s rX1s
end
return rY s, rYPs, rYNs
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Signed Number Representation: Subtraction
Input : X1 � prX1s, rX1Ps, rX1Nsq,

X2 � prX2s, rX2Ps, rX2Nsq
Output: Y � prY s, rYPs, rYNsq � X1 � X2

if rX1Ps AND rX2Ps then
rY s, rYPs, rYNs � rX1s �s rX2s

end
if rX1Ns AND rX2Ns then

rY s, rYNs, rYPs � rX2s �s rX1s
end
if rX1Ps AND rX2Ns then

rY s � rX1s � rX2s, rYPs � 1, rYNs � 0
end
if rX1Ns AND rX2Ps then

rY s � rX1s � rX2s, , rYPs � 0, rYNs � 1
end
return rY s, rYPs, rYNs
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Signed Number Representation: Multiplication

Input : X1 � prX1s, rX1Ps, rX1Nsq,
X2 � prX2s, rX2Ps, rX2Nsq

Output: Y � prY s, rYPs, rYNsq � X1 � X2

rY s � rX1s � rX2s
rYPs � rX1Ps � rX2Ps � rX1Ns � rX2Ns
rYNs � rX1Ps � rX2Ns � rX1Ns � rX2Ps
return rY s, rYPs, rYNs
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Signed Number Representation: Division

Input : X1 � prX1s, rX1Ps, rX1Nsq,
X2 � prX2s, rX2Ps, rX2Nsq

Output: Y � prY s, rYPs, rYNsq � X1{X2

rY s � rX1s{rX2s
rYPs � rX1Ps � rX2Ps � rX1Ns � rX2Ns
rYNs � rX1Ps � rX2Ns � rX1Ns � rX2Ps
return rY s, rYPs, rYNs
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Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea

 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part

 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea
 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part

 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea
 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part

 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea
 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part

 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea
 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part
 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation

Idea
 One substance (YP) for the positive part

 rYPs � rX1s 9�rX2s

 One substance (YN) for the negative part
 rYNs � rX2s 9�rX1s

ñ �b : pR�q2 Ñ pR�q2

Chemical Analog Computing with Negative Numbers Hendrik Happe 21/ 30



Introduction Mass-action Kinetics Negative Numbers Conclusion

Bi-Concentration Representation: Reaction Network

�b :

X1

X2

YP

Z1 HYN

Z2H

H

H
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Bi-Concentration Representation: Example
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Bi-Concentration Representation: Addition

Input : X1 � prX1Ps, rX1Nsq,
X2 � prX2Ps, rX2Nsq

Output: Y � prYPs, rYNsq � X1 � X2

rYPs, rYNs � prX1Ps � rX2Psq �b prX1Ns � rX2Nsq
return rYPs, rYNs
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Bi-Concentration Representation: Subtraction

Input : X1 � prX1Ps, rX1Nsq,
X2 � prX2Ps, rX2Nsq

Output: Y � prYPs, rYNsq � X1 � X2

rYPs, rYNs � prX1Ps � rX2Nsq �b prX1Ns � rX2Psq
return rYPs, rYNs
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Bi-Concentration Representation: Multiplication

Input : X1 � prX1Ps, rX1Nsq,
X2 � prX2Ps, rX2Nsq

Output: Y � prYPs, rYNsq � X1 � X2

rYPs � rX1Ps � rX2Ps � rX1Ns � rX2Ns
rYNs � rX1Ps � rX2Ns � rX1Ns � rX2Ps
return rYPs, rYNs
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Bi-Concentration Representation: Division

Input : X1 � prX1Ps, rX1Nsq,
X2 � prX2Ps, rX2Nsq

Output: Y � prYPs, rYNsq � X1{X2

rZ s � prX1Ps � rX1Nsq{prX2Ps � rX2Nsq
if prX1Ps � rX2Ps � rX1Ns � rX2Nsq ¡ 0 then

rYPs � rZ s
else

rYNs � rZ s
end

return rYPs, rYNs
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Comparison

Signed Number Bi-Concentration

Speed
Depends on
concentration

2-3 times faster

Result near zero Very slow Very slow

Result exact zero
Very bad, sign is
indicator

Very bad
(rVPs �� rVNs is
indicator)

Elementary
arithmetic

Addition and
subtraction,
complex,
multiplication and
division simple

Addition,
subtraction and
multiplication
simple, division
complex
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Conclusion

 Both models can represent negative numbers

 all elementary arithmetic can be calculated

 Problem with calculations near zero (further researches)

 Bi-Concentration is better than Signed Number

Thank you for your attention
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